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(iii) What state the atom is at any later moment of time?

(iv) What is the probability of finding the atom in another
stateatatime f,+T ?
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We consider a stationary atom "A", of which is descril

the hamiltoniaﬂfl0 , and we suppose that another pal
"B" passes in the neighborhood of "A".

7
-~ The interaction potential depends on the
mpact paTamete A
B._..J_ distance between A and B/[Rt | ) ,
T z\ thus it depends on timé[R t [3W R(f)t (
Before the collision the There Is a possibility tha
state of atom A is\n> after the collision the ste

changes to|m)
If the energies before an

after the collision are the sar Otherwise:
ELASTIC COLLISION INELASTIC COLLISION
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Sinusoidal -type interaction

An atom of H, interacts with an incident classica
electromagnetic wave of which the electric field at
position of the stationary atom is

E(t)=Ecodq ot +¢)

To a good approximationetimteraction of the ator
and the field can be given in terms of electric dipole coup

N

H, (t)=-D-E(t); where the electric dipole of the atom i

D =qof (Hereq is tle electric charge, and  the radius vet
between the nucleus and its valence electron).
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Perturbation Theory

N N N

H=H,+H,(t) H,

n)=E,|n)

Weak interaction: <n\H, ‘m> <<‘En_Em‘

H, (t) _H I' (t); A Is a real, diemnsionless parameter, m

smaller than unity, which characterizes |
A<<1

relative strenghts of the interactibh (t)

(In the two examples] Is proportional (i) to the amplitude of tt
incident electric field, (i1 Is a function of the impact parambte

A <<1is valid if the electric field is wes
or the impact parameter is large.
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Schrédinger equation: jh%\w(t» =(Ho+AH; (t))|w (1))

Expanding‘w(t» in the basis of eigen-states of I-AIO we get

40), ZC Je ' |n)

We project on the elgen-statq > of HO ) Z\ n><n\ =1
and use the identity "

2 (o (1) = (K ol (1) .2 (k[ (1) (1)) =
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Jh (:k lZ(k\ n>ejT c,(t)

No apprOX|mat|on having been made this far!
Possibly infinite system of ordinary differential equations
The coefficients C (t) dependon /A

Perturbation theory consists of developing C,(t) as
a power series of

¢ (t) =c/ (t)+ Ac (t)+ A7 (1) +...

Substituting this series we can collect together the
same orderin
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oder1 jpd AZ(k\ (Dln)e (1)

Oder r Jh (G (V=22 (K[H, (H)]n)e e G(t)

This system of equations can be solved iteratively.
The zero order terms are already known: they are the
constants determined by the initial state of the
system . On substituting these terms, the first order

solutions for Ci(t); k=1,2,3,.. can be found.
And so on.
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Perturbation of the Stationary States

Let us assume that the ‘universe’ is a closed quantum-
mechanical system with known stationary eigenvalues

and eigenstates
The stationary state Hamiltonianis H,

Holw o) =Ellws) =

Elo, Eg, . Eno,... and ‘w10> Lw§> .. ‘,l//no> .

and the external electromagnetic field is weak
compared to the internal forces

(Fo+H')lw) = (Ho+ 2V)lw) = E,Jv).




The “perturbed” system
(stationary + weak electromagnetic field)

(I:IO+I:|') 1//n>:(FIO+/1\7)

vo)=Elw,).  0<a<1
H'=AV, where H'=H,,if 1= 0

The perturbed problem is
(I:IO+I:|') 1//n>:(FIO+/1\7)

v.)=E. |v.).

If the perturbation operator does not depend
on time, we call the problem ‘time-
independent’ perturbation, if it does, ‘time-
dependent’ perturbation.



Time-independent perturbation
of stationary states

(I:IO+I:|')

va)=(Ho+ AV )|w,) = E.|w.).

Let us expand the unknowns into a series of

w)=lwo)+ Ay )+ 25w o)+
E=E,+AE+A°E,+...;

(I:I0+l\7 )(|wo>+/1|w1>+lz|z//2>+...,):
:(EO+/1 E1+/12E2+...,)(|w0>+/‘t|w1>+22|1// 2>+...,)



Ho‘wo>+/l(lil o“//1>+\7‘§”o>)+/12(|:| v 2>+\A/‘;y ]>)+___:
= o‘l//o>+ﬂ*( EO‘W1>+E1“// 0>)+/12(E0‘w 2>+ EJl// >+E JW 0>)—|—...
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W2>+V W1>: Eo“// 2>+E1">” 1>+E2‘W o>'

‘Zero-order’ approximation of the solution (the unperturbed)

£, ~ E,

Vo) =|m).



First order approximation of the solution

2 Emnlyy)+VIm) =) [n)(nfy )+ B[ m)

n

Multiply it from left by ‘ket’ (K|

k#m = EE(k\w1>+<k\\7\m>=Er?,<wk\wl>+515km =

E, =E, +(m
)=l 3 K

V

m) = Erﬂ +V__

Sk




‘Second-order’ approximation (mutatis mutandis)

2
V
E=E)+Vut Y Vo

o) 0’
N=m Em o En

k=m m

Vi,V V. .V
+Z Z kn ™ mn . mm * km ‘k>_

Vm
p)=lmp+ 3 )+




In conclusion, first order approximation of
perturbed eigenvalues and eigenstates:

E, B =B+ (VD
EC, E,=E)+(2|V|2),
E,..., E,=EJ+(3|V]3,...,
E°, ... E,=E°’+(n|V|n),...
k|V|1
v) =1+ 82K,
v, ) =|2) Z<k|V|2>
D213 .4m . k¢2<k|v|3>
|W3>:|3>+k¢3E§—Ef|k>"”
(k[V[n)

k#n

o) =m+2. E,?—Ef|k>”"



Start with the eigenvalues and the complete
orthonormal set of eigenfunctions generated by
the nonperturbed problem. The perturbation
operator V is given. For the solution of a
perturbation problem we have to calculate
elements of the matrix

2 (1V]3

QV|y (1v
(2V[Y (V[ (3V[3 -
REVE

(3|V

/[y (3v

Every element is an integral on the configuration space

(n|V|m)= j vV dg..d, .

Conf.space

Y




Example 1: A particle moves in a one-dimensional potential
box with a small potential dip.

« Treat the potential dip as a perturbation to a regular box. Find
the first order approach of the energy of the ground state.

14
XIE
x=0 X=/ X=/
-b
f 0, andx > ¢ )
pot={z)o for )(;< a; x> oo for x<0,andx>/(
or .
=S V=90 for O<x</(/2
h2 > 0 for (/2<x</(
E° = n%  wo(X =\Fsm—x
" = g W, (X) , Sin-
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The first order approach
of the energy of the ground

E, ~ o =(1V[])= jwé’* () (g (X)ck =
=£j‘2'ﬂg*(X)( —b)y,(x)dx = _/[ smz(nxj ) k=

(/2 (/2
= jgsinztnxj :—Ej(l coszlxj
( (4
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1. An electron is confined in the ground state in a one

dimensional box of a=0.1nm
a. Calculate the ground state and the first excited

state energy of the electron.
b. Calculate the average force on the walls of the

box when the electron is in the ground state.

2
E — n n° n=12,...

" 8ma’

E =38¢eV; E,=4, =152¢eV
F=—(0H/da); Hy, =Ez,



0914 _
H_En wn_o 03[ H En wn]

9 H—QE

H— E— =0
aa oa ot ¢

0, o,
—H-——E_ |y dx H—E —dx=0
da da ]¢ +f¢ w

|

(OH | 9a)=OE, | 9a— F =—0E, | 0a

F=2E /a=7.610" eV/m= 760eV/nr
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2. Applying first order perturbation theory, calculate
the energy of the first three states for a one-
dimensional potential box of width a, which has been
perturbed with a linear potential according to the
figure. Calculate the perturbed ground-state energy
and the ground-state eigen-function.

K




3. A charged particle is bound in a harmonic oscillator
of potential %kxz. The system is placed into a

static external electric field E .

Calculate the shift of the energy of the ground
state up to order two.
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