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The Postulates of Schrodinger’s Quantum Wave Mechanics

Postulate 1. (P.1) Information we can know about a state

The state of a system is fully described by its state-function
(wave-function) w(q4, g,, ---, g5 t), which is bounded, single-
valued, continuous, and continuously differentiable function

of the configuration-space-coordinates (q,, g,, ..., g5) and of time t .

Postulate 2. (P.2) Interpretation of the wave-function

The probability that the system in state v can be found in the
volume-element dV of the configuration space is yy*dV.
From this it follows that

IW* dVv =1 i.e. y issquare-integrable.
Y%



Postulate 3. (P.3) Observables

There is a linear operator L assigned to every observable

(measurable dynamical variable) L.
If we perform a “strong” measurements on the system then the

observable’s values of L are the A eigen-values of operator L

Ly =Ay
The rules of the operator assignment are as follows:
a) The operators of the space coordinates are

multiplication by the coordinate: &, — G; [ =T~
b) The operator assigned to the momentum: IS S - jhv

c) We assign operators to dynamical variables which are
functions of the space coordinates moments by substituting
the operators of the space coordinates and moments into

the functions:



2
Ein — Em\/z — ilﬁz — By = _h_vz
2 2m 2m
The operator of the total energy of a particle E=E, +E,
hZ
H-— _%A—l_ Epot (r)
o°  9° 0
2 _ ichi - i - A= + + :
wheaeV~- =A, whichin Descartes- coordinaes: o oy or

The operator of a particle’s angular momentum:
L=rxp —> L =—Jar xV

Hamilton operator of a many-body system

E=E; +E, :Z—pf +E Tl,al,



Postulate 4. (P.4) The outcome of strong measurements

If the state of a physical system is y, and we observe the
dynamic observable L with operator L, then the expectation
value and deviation of L are:

=Jl//*|:de AL:\/<L2>—<L>2

Postulate 5. (P.5) Time-evolution of the wave-function

In a closed system the wave-function evolves in time according
to the time-dependent Schrodinger equation:

oy o ( From the initial sate-function ¥4,
Jh ot =H 4 we can determine the future of
the wave-function ¥t
fort>t, ).

h=6.625-10 ¥ Ws’; h=h/27=1.05-10 > Ws’
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Consequences of the Postulates Frequency, period in time

1.Totalenergy E=h-v=%-w — e—j-a)t
2. Momentum p=h'k P=7h-K=

Wavelength, period in space
3. Electrons are either ‘bounded’ or ‘free’

“Bounded” electron ,Free” electron
Discrete energy spectrum Continuous energy spectrum
E.E,..E., .. E(k) Wave pocket

Orbitals oo
Standing waves V’(x,f):fA(k)e

. E
J(kx=—-1)

dk
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“\ \nag/ 2n[(n+1

o)
N

Hydrogen Wave Function

W

e (v)

5

Csurgay Arpad Phys 11 2014

1]
t =-1.00

=1




3. The Expectation Value of Measurements Change in Time

d(L ' A A A TS N
%_%@” HL —LH l//> HL—LHE|:H,L:|
,Commutator” of H and L
Ehrenfest theorem d(p) =d<l// Plv) =(y|-VV ,|v)
dt dt P
F=-VV

pot
4. Heisenberg’s Relation
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Qs Oy s G o0y -

Schrodinger Equation

owl(dq,..-.q;,t
( ~ f ):Hw(ql,...,qf,t)

W (Creees Gy ot) = W (Ghroens G ) (1)

HY = EY do(t)/dt=-j—p(t)

E,E,,...E.,.. e
SO RN e 7

|7

W (Croons Gy, t) =Y C ¥, (s @y )€
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The Single Electron Problem Time t

Configuration space [ (00 G )5 (X, Y:2); (r,S,gp)
n ke

Hamilton Operator H=-—— A+ Epot (r)
Descartes X, Y,z Sphericd .4,
0% 0% 0% 1 [0 ,. o v, 0 1
— + + = 2 —
x> oy 07 Zsndlor ”%ﬁ@ﬁ i, [Msnﬁé‘go
r,t ~
Schrodinger Equation jhal//@( ’ ):Hw(r,t)
n t
HY (r)=E-¥(r) 721 (09 P 21 (19 AR A (R ) I
El, E2’ ,En,... Wy ( )e hl p ( ) j_Zt,...,\Pn(r)e_j?nt,...

P (r),P,(r),... ¥, (r),..
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Time-dependent Schrodinger Equation

a"”@(: ) =|:Iw(r t)

Time-independent Schrddinger Equation

Hy (r)=E-w(r)

Ervin Schrodinger, Quantisierung als Eigenwert Problem, 1926

7

Energy eigenvalues E, E,, .. ,E,..
Eigen-functions v, (1), 1, (1), (1),
Stationary eigen-states = B2y

(No radiation) l//l(r)e ! ,wz(r)e ! ""’l//n(r)e "
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One-dimensional Single Electron Examples

Quantum
—@— mechanically E '_)
? X
—a | wxt) s :
_ Classically:
Classically: Harmonic oscillator

,ping-pong’ ball

~ ~ he d’

Hy(r)=E-yv(r)» HyYy X =|—+E_(X)|© X =Ey X
W( ) '7”( ) w 2de2 pot( )TP w
Epot Epot t 1

—Cx°
2
X=0 a X Y%
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wa_

Y X = Asinkx+ Bcoskx

15 Sept 2014

B o oo 1

—— 4+ E_ (X)) X =By X
2md —|_pot()¢ w

>V

R2 d* X
+— Cx X =Ey X
- 2m ax? 2 v v

—00 < X<+

v 0 =B=0 Y a = Asnka=0

Y L
om  4n? 2m-&°

Csurgay Arpad Phys 11 2014 13



Epot Y, X = Asink x

EZ £ +a
E | _[Azsmzmxdx 1> A = \/7
0

X=0 a X

] h?
Energy eigenvalues B =g

E,=4E E=9E

: . 2 2 .2 2 3
Eigen-functions v x —\Esmzx b, X _\Egn—”x U X _\Egn_x

d d d

Stationary wl X, 1 % Xt % Xt
eigen-states

(No radiation)
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. h2
Null-point energy B
,Ground state energy’ El o 8ma2

a=1um E =0.376-10"° eV
a=1nm E =037/6eV
a=01nm E =37.6eV

a=10"m E =376GeV
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2
> Harmonic oscillator

H,(uy=212 H, (u=2u; H,(u)=4>-2..
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pot 1

2 _[C. . |¥Cm
ECX w—\/:, U= a.X P
X
: 1
Energy eigenvalues E; = Ehw’ E, :g
% U = wl U =
Eigen-functions w2 e
=A-e ?; =2Au-e ?
Stationary . E
eigen-states dboue' ' guen

(No radiation)
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CUPS — Consortium of Upper-level Physics Software

CUPSQM Energy eigenvalues
— BOUND1D Eigen-functions

— LATICEL1D Probabilities
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Single Electron in a three-dimensional cubic box

/]

(“big box”, “long box”, “small box”)

n h?
A 6 ) ) )t —
/ Hy(x,y,z,t)=jn W(Xaty = am’
2 sy o (0, if 0< x<a,
Ay = 1/2/ + 1/2/ + 1/2/ 0 < y<b,
ox° oy- oz E =
‘ 0 < z<c,
oo otherwise.

/ Hy(x,y,2) = E-9(X, Y, 2)

Eq

U v XY, Z,t =1 XY,z e

We are looking for the solution as

=7 w(%y.2)=y1 (v (y)ws(2)



h? oy 0w Oy _
—_ — Ay = VXY Z = X, Y Uy Z
Hy XY,z ZmAw X,¥,Z =E¢ XY,z V= + Y + pa 1 2 3

o (2 = s V(0 (55, 1 () 22

dz*

_%Lﬂz (v)w; (Z)dzfl +y (x)ws (Z)dzjzyz +y (x)w, (J")L;/js}:E.l’[/1 (X)w, (¥)ws(2)

7 { 1L &y, 1 dy, 1 dz%}:E

2m

The sum of three functions is constant.
This is possible if and only if

2
d>¢y, y  2m ¢ 2 2m
di/z STt Y dz’ pz oYs 2

E=E +E +E,

d*e, X
dx’

2m
- hz E11/}1 X



dx? h? Yy a
d¢, y  2m y
dy? e Ev, ¥y l//n2 (y)= Bsnn,z n,=12
dz%z_ 2m
a7 v (2)=CsnnzZ,  n=12
3
i X . : Z
w(%Y.2)=y1(X)y,(Y)ws(2) =Asmnl;zg-smnzyz%-smngyzE
abc
Azj‘jj‘Sinznlﬂ'§~ .nznzﬂX'Sinzngﬂ'EdXdde:l A= i
000 a b C abc

(o X, Y, Zt :ﬂ/isinnﬂrz-sinnzwz.sinnng.ejTt
Ak abc a b C



(B,

(0 X, Y,z t :,/ 8 smnlwZ smnzwz S|nr137rE e
n,N5Ny abc a b C

The admitted energies of the electron in the box:

h? nf n n§
E :a+@+g— =+ +
o b*

If the box is symmetric, nw+n n

E — > T2
e.g. b=a then nn,n, 8m( a c
Degenerate stationary To an energy it belongs more than
states a single eigen-state

Two eigenstates n1 n2 and n2 n1 belong to the same energy

v v
M NyNy nyryng



If ¢c=b=a,then there are even more degeneracies

2

E = w+n+n, n=12.; n=12., n=12.
o 8ma
= 3sinnlﬂﬁ-sinn;rl-sinn;zE
"”nlnan a’ a “"a *a

The state is determined by the eigen-function

In case of a cubic box (n,, n,, n;) quantum numbers specify the
eigen-values (energies)

The null-point energy, E, , belongs to quantum numbers (1, 1, 1).

8
The ground state v . = |>sinz>-sin2-sinZ
111\ F

a a a



Next energy level is E, = 2E, . There are three dufferent states
which belong to E,: (2,1, 1),(1, 2,1)and (1,1, 2)

8 .o x .y .z 8 . x .y . Z 18 . x .y ..z
2% _\/;SIHZEE sm; sm; V191 —\/;sm;z; 51n2; sma V117 —\/;sm;zg sm; sm2;

Third energy level is E;=3E,, the fourth is £,=(11/3)E,.
Three states belong to E; and E, -hez.
The energy level E.=4E, is not degenerate (2, 2, 2).
To the energy level E.=(14/3)E, belong six stationary eigenstates:
(1,2,3),(1,3,2),(2,1,3),(2,3,1),3,1,2), (3,2, 1)
Quantum numbers: (ny, n,, ny)

There is a fourth quantum number which belongs to spin of
the electron: s=%(1/2) ,spin quantum number”.

= T P B (R B
V.1, =Y nin,n, MEAS 2 % nn,ng " 2



There are two ¢ states which belong to the null-point energy E,
To E,=2E,, E;=3E,, E,=(11/3)E, six, and to energy level
E.=(14/3)E, 12 different stationary states

Wiosaii2 Wioz12 Wizzy2 Wisoryz Woizaze Woizao

E, / Yoswaz Wasrwz Waizz Waiziwze Ysomaz Ys2ran2

—)3/ Wooori2  YWazzu2

Wiz Wiszwyz Waizwze Waizvy2 Waswyz Wasrwz

E, = Sa\

B Wisorri2 Wisoa2 Worziy2 Woizai2 Woont2z Worrao

Vitzry2 Wiroa2 Wisnwy2 Wizryze VYWornrye Woirwo2

Yitvy2 Yiirw2



Hydrogen and hydrogen molecule

m.—e The hydrogen molecule
r )
M,+er ./‘ (1) () (2
Hydrogen atom (I’al) (I‘az)
e’ 1
Epot — 472'6‘0 M (a (b) w=y(r;r,R)

(rbl) (raz)

Hy (r)=Eyp(r)
h° h° h°
72 1 ¢ Hz—%AI—%Az—mAM+

2m Are o T 1 ( e e e e ¢ eZ]

_|_

+—+
Areg\ T Tax M1 Ty R Ip



2

mZ‘e" ¢ h
E,=- 22,20 1= 2
8g,"h"n Tmie

n=1,2,3,..; (=01,2,....n-1, m=-/(,..,-1,0,1,...0

LAY
nr, [ 2r | 2r 0 '
e E R e G
1
i Amdmp (x) &L (x C (-1 (0
() =(1=x)* = (- dx’(’ . Lf(x):;( k') (ij
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In case of the Hydrogen Atom (Z =1)

L 5
Is Viso =T 5 °© J
T,
1 o
2s Vaoo = 4“/— 3;2{__2
L 2rr1 : :
2p wrll,ﬂ:Fro_e sindsing
1 2;1
2D W, = 4J_ 7 —e ' cosH
1 3 E —i

2p Y, =——=—=—e "' sindcosy
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Up to Z=20 atoms are ,hydrogen-like’

A

Ze* 1
r

89 b -qu—
et T
[

-, mz°e’ goh°
En = - 202 2 rlz
8s,°’n rmzZe’

P

r

- o\
Vot 90)=Ae "1 (ZVJ Lfﬂl( er P"(cos)-¢/M?
nry nry

n=123,... ¢=012...n-1 m=-/,...—-101,..., 7

N

©OooNOoOOOTPR~,WDND =



The Schrodinger equation for molecules

i
fia=1-R lij=1-v

M N N M
: A fia=;-Ra E : pA i 1 e- ZAe
R”"R:% ; | 2M , " Z Z 2, 4 T

¥

X +§:% 1 Ze ZBe+ZN:ZN: 1 €
) r1eoad78y  Rap i1 51 47 T
U

l j Electrons —€

A B  Nuclei +Z,e€

N N M
1 1 e ”Z,e
NPIEITS 2 e
i—1 <M 1 a1 Amey  Tip
N N 2
r1esadreg RAB -1 i 4mEy T
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